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Abstract 

In this paper we perform the reconstruction scheme of the gravitational action within 
f{T,T) gravity, where T and T denote the torsion scalar and the trace of the energy mo¬ 
mentum tensor, respectively. We particularly focus our attention on the case where the 
algebraic function f(T,T) is decomposed as a sum of two functions fi(T) and / 2 (T), i.e, 
f(T,T) = fi(T) + /* 2 (T)• The description is essentially based on the scale factor and then, 
we consider two interesting and realistic expressions of this parameter and reconstruct the 
action corresponding to each phase of the universe. Our results show that some f(T,T) 
models are able to describe the evolution of the universe from the inflation phase to the late 
time dark energy dominated phase. 


1 Introduction 

It is well known that our universe is now experiencing an accelerated expansion. Several 
cosmological observational data defend this phenomenon as supernovae type la, cosmic mi¬ 
crowave background radiation, large scale structure, baryon acoustic oscillations and weak lens- 
ing mmm- There are two representative approaches to explain this acceleration. The first is 
that the universe is filled by an exotic fluid with negative pressure called dark energy generally 
materialised by the cosmological constant within the General Relativity (GR). The second way 
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is modifying the gravitational action and so, explanations can be done about the acceleration 
of the expansion of the universe. Several authors carried out some important and interesting 
results on this way within theories essential based on the curvature scalar Ij-Ej[0 [7]fS . 

However, there is another modified theory of gravity, which, instead of the curvature, is 
essential based on the torsion of the spacetime through the Weitzenbock connection, called f(T) 
theory of gravity. Various interesting results have been found within this theory mm rani], 
but do not take into account the aspect where the cosmological constant may be variable, and 
more precisely dependent on the trace T of the energy-momentum tensor rarara- Therefore, 
introducing T in the action gives rise to the f(T, T) theory of gravity. This theory has been 
performed first by rara with interesting results. Note that this kind of theory has been 
developed through the consideration of curvature, called f(R,T) theory of gravity where R 
denotes the curvature of the spacetime, and potential results have been obtained ra ra¬ 
in this paper, we focus our attention on the /(T, T) theory of gravity, which is a generalisation 
of f{T) theory. As it is well known through the cosmological observational data, our universe 
had been dominated by the matter where the expansion was decelerated and later, entered in the 
actual phase, dominated by the so-called dark energy, where the expansion is accelerated. Our 
goal in this paper is to describe this cosmological evolution of the universe, within some suitable 
expressions of the scale factor, by characterising the algebraic functions of the gravitational 
action associated to each phase, using the so-called cosmological reconstruction scheme. More 
precisely, two realistic expressions have been considered for the scale factor and our results show 
that there exists f{T,T) models able to describe the two important phases of the evolution of 
the universe and the transition from the matter dominated phase to the dark energy dominated 
one. 

The paper is organised as follows. The Section 2 points out the generality on the f(T, T), 
where the field equations have been carried out in the framework of Friedmann-Robertson-Walker 
metric. The Section 3 addresses the unification of the matter dominated and the dark energy 
dominated phases. The transition between the matter dominated and dark energy dominated 
phases is performed in the Section 4. We undertake a second approach, view as a more general 
case of the previous one, where the results obtained in the previous Sections have been reobtained 
for very special limit of some input parameters. Finally the conclusion is presented in the Section 
6 . 
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2 Generality 

Let us consider the action S of the f(T,T) gravity, given by 

S = J d*xe[f(T,T) + C m \, (1) 

where T = S^Th M is the trace of the energy-momentum tensor and C m the matter Lagrangian 
density assumed to depend only on the tetrad, and not on its covariant derivatives, e is the 
determinant of the tetrad and / an arbitrary function of the scalar torsion T and the trace of 
the energy-momentum tensor T. Here we set 16ttG = 1. 

The variation of the action © with respect to the tetrad leads to m 

[e~% (ee a a S a «*) - e a a T» ua S M fr + e a a S Q (/tt^T + /tt^T) + ^ 

e a a T a p + pe a p 
2 

with /tt = d 2 f/(d T ) 2 , fir = d 2 f/d T d Tl fr = df/d T et f T = df/d T . 

One can equivalently write the action © on the following form mmm 

S = J d 4 xe[P 1 (^)T + P 2 ^)T + Q^) + C m ], (3) 

where P\, P 2 and Q are proper functions of the scalar field <b. One supposes that the field $ does 
not have kinetic term and may be interpreted as an auxiliary field. Therefore, we can variate 
the action © with respect to this auxiliary field <1>, getting 

P[(^)T + P^)T + Q'{^) = 0. (4) 

In the view that this equation is solvable, its solution can be written as function of both the 
torsion scalar and the trace of the energy-momentum tensor as 

§ = ${T,T). (5) 

Here we use the signature and assume that the universe is flat and homogeneous 

for large scales. Then, we use the flat FRW metric and get |19 j 

e% = diag[l,a,a,a], T j 0i = H5{ , Sj° l = -H8), (6) 

and the torsion scalar reads 

T = -QH 2 . (7) 


/T = ^ e Q 


p 

f Q * 


( 2 ) 
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(8) 

( 9 ) 


By using the relations dHJ) and (JTJ) in the equation of motion (J2J), one gets [T5J 


3 H 2 f T + f - = p - + ^/ r , 


/ 


- 12 H 2 Hf TT + ( 3 H 2 + H)f T + J - = -V-H(p- 3 p)f TT 


• Decoupling the gravitational Lagrangian density 

Let us consider that the function / is the sum of two independent functions f\ and f 2 , 
respectively depending on the torsion scalar T and the trace T, i.e, 

/(T,T) = /i(T) + / 2 (T), ( 10 ) 

with 

/i(T) = Pi($)r + Q 1 ($), / 2 (r)=iM$)T + Q 2 ($), Q(<h) = Qi($) + Q 2 (^). (11) 

By using the relations (TlQl) and (fill) , one gets 

MT,T) = P!^) + $T [P[(®)T + Q[(<S>) + Q' 2 ($) + P^)T] , 

= 

fvr(T,T) = P 1T ($) = $ T P(($), 

/r(T,T) = P2^) + ^t[P[^)T + Q , 1 ^)+Q , 2 ^) + P^)T], 

= P2($), ( 12 ) 

/ tt (T,T) = $ r P((<h) = <l> T P'(<f>). 

where and 7 - are the derivatives with respect to T and T respectively. By suting the 
relations ([TO]) . (TTTT) and lfT 2 l) into (0) and Q, one gets 

6 P 2 Pr($) + Q($) = p + (p + 5p)P 2 (<S>), (13) 

8PPi(^) + (6P 2 + 4P)P!($) + Q($) = -p-(p-3p)P 2 ($). (14) 

Here the “dot” denotes the derivative with respect to the time t. We have two equations with 
three unknown variables Pi(<f>), P 2 ( 4 >) and Q( < h). 

From the relations m and m , we define the effective energy density and pressure p e ff 
and p e f f as follows 

Peff = P + (p P 5p)P 2 (&) — 6H 2 (Pi(<L) — 1) — Q(4>), (15) 

Peff = p+(p-3p)P 2 (4>) + (6P 2 + 4P)(P 1 (4>)-l) + Q(4>) + 8PP 1 W. (16) 
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Note that by setting f(T, T ) = T, Pi(4>) = 0, P 2 (<h) = 0 and Q(3>) = 0, the effective pressure p e ff 
coincide with p,and p e ff with p. Then, the relations (fT5l) and (fT6l) are the modified equations 
of Friedmann. In this theory, the effective energy density and the ordinary one are conserved 
separately, i.e, 


Peff + 3 H(p e ff + Peff ) — 0, 

(17) 

p + 3 H(p + p) = 0. 

(18) 


Making use of the barotropic relation p = uop, one gets 

18H 2 Pi(&) - Q($) + p{ 1 + 5w)P 2 ($) - 3Pp(5w 2 + 4 u - 1 )P 2 ($) = 0. (19) 

The equation (fl9l) can be regarded as an equation describing the evolution of the Hubble pa¬ 
rameter H and the energy density p in an homogeneous and isotropic universe, which in this 
case does not depend on spatial coordinates. Therefore, the auxiliary held may be considered 
as the cosmic time, i.e, 


4> = t. (20) 

On the other hand one can eliminate Q(&) by subtracting (1131) from (|14D in order to obtain a 
relation between Pi(4>) and T^'h); 

8 FPi($) + THPi(4>) = -(p + p)(l + 2P 2 ($)). (21) 

In order to obtain the algebraic function /, one chooses a cosmological scale factor a{t). To this 
end, we use the exponential evolution of the scale factor as 

a(t) = a 0 e^\ ( 22 ) 

where g{t) is a non-linear function depending on the time, and oo a positive constant. The 
equation m becomes 

8 ^(4>) + 4 (iPi(4>) = -p(l +w)(l + 2P 2 ($)). (23) 

By fixing P 2 (</>), one determines P\ (T) through the resolution of the equation (1231) and using 
the relation (fl3l) . one finds Q(4>). 
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3 Unification of the matter dominated and accelerated dark 
energy dominated phases 

The simple resolution of the equation (12311 can be done by vanishing the right side, then, 
setting P '2 (4?) = ~T) and considering the following example [17] 


g{$) = go^ + gi in(U, 


(24) 


with go and g\ two positive constants. Thereby one gets 


g = H = g 0 + ^ 1 g = H = a = a 0 e^ 


From the relations 


and (USD, one obtains 

p\m = c 


<f> 


C 


1/2 


t ‘-' )( ' I>) o_3(l+w) 


Po( 1 - 5 uj) 


2a 0 y ^’ e 3 9o(i+^)$ cj)3gi (i+w) 


g^ + gi gl ,2 \ l + -^) 
- 6 ^ /2 ( 1 + ^) 


3/2 


(25) 


(26) 

(27) 


with C an integration constant. Now, we can determine the expression of <f> from the equation 
P)). However, we can take an asymptotic approach through a simplification. 

1. 0 < < 1 The equation dH) can be written as 

3 / 2„_ 2 , 9 50 5 i/Oo(l- 5 o;)(l+a;) 2 <i> 3 ^(i+-)+i /2 

9091 * + -- 


3po(l - 5w)(l + w) 5 id>-( 3 5i( 1 + w )+ 1 /2) CT_ 

o „3(l+o;) ' 

z ‘ a o g\ 

We can distinguish two cases according to the exponent of <f>. 

• If g\(l + u) > \ then 


(28) 


$ 


a o = 


a\T 


—ao 


651(1 +w) + 1 ' 


/35o /2 p 0 (l - 5w)(l + u)\ 

Oi\ = — 1 


2 Ca, 


3(1+cj) 
0 


(29) 
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Then, one obtains 

f(T,T) ^ 


CT 

1/2 

% 


1 + 


gi T ao ' 


- 1/2 


- 6 Cgl' 2 


9o a i ) 
po(l - 5a,)r 3 “Mi(i+^) 


1 + 


giT ao \ 


3/2 


goal J 


If g\(l + oj) < 5 , then 

Therefore one has 

f(T,T) ~ 


-|--I 7 - 

2 a 3 ( 1+w ) e 3g 0 ai (l+w)T-“o a ^9i (1+w) 2 


/ lV /2 
351 ( - yj 


CT 

1/2 

V 


i + ^rr 1/2 

390 J 


- ec g 3 0 /2 


i + m 

3</o ) 


3/2 


Po(l -5w)(-T) 3 3i( 1 +^)/ 2 


h- ^ - .— _ It. 

2(3g 1 ) 3 9i(i+u) a 3( 1 + ul ) e 9go(i+u)gi^-i/ T 2 


(30) 


(31) 


(32) 


Note that we use the same initial values as in m This leads to a Lagrangian density 
easy to be analysed because the exponent of T is fixed and this is proper to f(T, T) 


gravity, in opposite to the f(R,T) gravity, where the Lagrangian density obtained 
within these conditions are complex HD- 


• $ 


+00. 


In this limit, the relation 0 becomes 

( 9 g\ 3 CTg\\ 1 CTgi 


1/2 






& _l -3/2 + ® 9 i 9 o ~ 0 , 

$ 2 g 3/2 


leading to 


$ 


3 gl (6 g y 2 - CT) 
2g 1 0 /2 (-CT-l8g 2 0 ) 


with — CT > 18<7q. Therefore 


with 


n r p ,_ I 

/(T, T) = —= - 6 CV(so*o(T )) 3 + T X (T) - -T, 

VgMT) 2 


^o(T) 

^i(T) 


/ 2(CT + 18ffg) \ 

V 3.9o /2 (6. 9 ‘ /2 -CT)J ’ 

/V^\ 39l(1+W) Ml-5a;) / -CT-lSgg V^ 14 * 0 

V 351 / 2ao (1+w) V 6<?d /2 - CT j 

_9si9o /2 ( 1 +“H 6 9o /2 - C ' ;r ) 

X g 2(—CT— 18 S g) _ 


(33) 

(34) 

(35) 

(36) 

(37) 

(38) 
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4 Transition between the matter dominated and dark energy 


dominated phases 

In this section, we will consider h) on the form 

W = W ln($>), (39) 


with /i(4>) a function changing very slowly as the field evolves. Making use of the definition 
{39D for an adiabatic approximation of h{4>) i.e, [h' ~ h" ~ 0) in the equation (12311 . one gets 


Pi{$) = P 0 V$, 


(40) 


with Pq an integration constant, with P 2 = — On the other hand the definition (13911 yields 


m 


h(t) 


T ~ - 


6 h 2 {t) 
"12- 


Let us take h(<3?) on the form: 


K*) = 


hi + hfq$ 2 


l+q$ 2 ’ 

with q,hi and hf positive constants. From the definition (142]) . one gets 


lim /i(<h) = hi, lim /i(<3?) = hf, 
<l> — >0 $—>00 J 


and 


a 

a 


$2 


[-1+wi¬ 


ll) 


(42) 


(43) 


(44) 


Taking 0 < hi < 1, the pass is characterized by a decelerated expansion of the universe, while for 
hf > 1, the future is characterized by an accelerated expansion of the universe. By considering 
the case where hi > 1,0 < h m < 1 and hf > 1, one gets an accelerated universe which should be 
interpreted as the inflationary phase, followed by the decelerated phase corresponding a matter 
dominated phase and finally an accelerated dark energy dominated phase. We note that h m is 
the value of h(t) when 0 < t m < + 00 . 


We note from m and 


h? 


that when $ is low, i.e T ~ —6*^ is high (absolute value), and 


contrary, T ~ “6<p- is low (absolute value) when is large. An asymptotic approach can be 
undertaken for determining f(T,T) able to reproduce the transition and also the important 






cosmological epochs of the universe with the definition (1391) . 

By using the relation (fT3l) . it appears that 

Q($) = i/9 0 ao 3(1+w) (l - 5w)$- 3/l( ^( 1+ ^ - 6C7i 2 ($)$-§. (45) 

When is low, one gets 

Q($)i ~ (1 - 5a;)$- 3hi(1+w) - 6C7i?$"5. (46) 

Then the relation dU) becomes 

CT - 3h iPo a ~ :3(1+w) (l + w )(l - 5u;)^- 3hi ^ 1+uj) - 1/2 + 18C/i 2 $" 2 ~ 0. (47) 

It comes that 

• For hi{ 1 + w) > 1/2 => hi > 1/2(1 + cj), from the relation (1441) . there is acceleration with 
(hi > 1) and a deceleration with 1 > hi > 1/2(1 +cu). Therefore, the following action can 
describe the transition between the inflation phase and the radiation phase. Then 


~ /?i ( — 


1 


0o 


with 


A) = 


3hi(l + cj ) + 1 


i Pi — 


3hip 0 (5u; — 1)(1 + u) 


Po 


Ca\ 


3(l+w) 

0 


which leads to 


where 


f(T, T) ~ CiT(-T)-P° /2 + C 2 (-Tf 2 + C 3 (-T) 3/3o/2 - ^T, 


C t = Cv'A.C, = -0L-0L- ,c 3 = + W ). 


(48) 


(49) 


(50) 


(51) 


For h,(l + u) < 1/2 ^ hi < 1/2(1 + w), the action can describe a decelerated universe 
which can be interpreted as radiation phase. Then 


$ ~ 3 hj\ — 


(52) 
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Consequently one gets 


(53) 


f(T,T) ~ C*((—T) 3 / 4 + C^-T) 3 ^ 14 ")/ 2 


r 

2 ’ 


with 


C[ = -C 


((18 /i?) 1/4 + 


(18^ 2 ) 3 / 8y / 


,C$ 


Po(l ~ 5a;) 

2a 3(1+w) (18/i 2 ) 3 Mi+“)/4' 


(54) 


When <h is large, one gets 

Q($)/ ~ ^oa“ 3(1+w) (l - 5w)$- 3/l / (1+aj) - 6C7iJ$-§. 

From the relation ©, one gets 

CT - 3/i //9o ao 3(1+a;) (l + w)(l - 5w)4>” 3 ^ (1+aj) " 1/2 + 18 Ch 2 f $~ 2 ~ 0. 


(55) 


(56) 


Thus one can distinguish the following points 
• for h f < 2(T+Z1). one has 


4> ~ /3 4 ( - — 


ft 


(57) 


with 


/^3 = 


a _ (3hfp 0 (5u - 1)(1 +w) 
P4 = - 


ft 


3hf(l+u) + l ,t " 1 \ Can (1+w) 


(58) 


leading to 


f(T,T) -Ce(-T) 1 -^/ 2 + C 7 (-T)^ 5 + C 8 (-T) 3 ^/ 2 - ^T, 


(59) 


where we have set 


c & = c^/%,c 7 


Po(j - 5cu) 

2 ^ 3 ( 1 + cj ) p3hf(l+ui) 


6 Ch 2 f 

c 8 =-3^2“, /?5 = 3/3,3^/(1 + w). 

/34 


(60) 


The action (1591) should describe a decelerated phase which can be interpreted as the one 
dominated by the non-relativistic ordinary matter. 
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• For hf(l + uj) > 1/2 => hf > 1/2(1+ w), the action in this case can describe an accelerated 
universe or a decelerated universe depending on the value of the parameter uj. Furthermore, 
one sees that the transition from the decelerated matter dominated phase to the accelerated 
dark energy dominated phase can occur . Then, behaves as 

$~3 h f\f~j;, ( 61 ) 

leading to 

f(T,T) - C 4 (-T) 3 / 4 + C 5 (-T) 3 M 1 +“)/ 2 - £ (62) 


with 


C 4 = -C ^(18 h)f/ A + 


( 18^)378 ) 


,C 5 = 


p 0 (l - 5a;) 


(63) 


5 Second approach: more general case 


In order to generalise the previous results we will consider that the second side of the equation 
(HZT1) does not vanish, setting it to a constant A, the so-called separation of variables, i,e, 


P 2 ($) = -_ 
From the relation (|25D . we obtain, 


8FFPi($) + 4HP 1 {<5>) = A, 

1 / A \ _ 1 / Aq 3 ( 1+ ^) 

2 \p(l+w) / 2 ypo(l+^) 


+ 1 


pm = 


i 


1/2 

% 


1 + 


9i 

9o$ 


- 1/2 


c + 


+ 

T/2 

19 0 


1 + 


9i 


1/2 


91 

3/2 

9o 


In ( 50 ^ 1/2 


1 + |1 + ifi) 


9o$ ) 
1/2 


1 


P2($) = ~2 1 + 


A a 3 ( 1+aJ ^ e 3 9°( 1 + aJ )' J> $ 3 5 ,1 ( 1 + w )' 


p 0 (l+u) 

By inserting these two expressions into the relation (1131) . it appears 


<?(*) = - 


1 + A pq(1 — 5c j) _ 


1 + CJ 




i + 


9i 

9o$ 


2a, 

3/2 


3(1+cj) 


e -3go(l+^)^ ^-3si(l+o;) 


0 


° + l 


4> 

~l/2 

190 


9i 

3/2 

9o 


In [ g 0 $ 1/2 


1+1 + 


1 + 
91 ) 


9i 

9o$ 

1/2 


1/2 


9o$) 


(64) 

(65) 


( 66 ) 

(67) 


( 68 ) 
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1. When 0 < 4> < 1, the relation (J4]) becomes 


3T\a 3 0 (1+u)9 ° ^ 3(n(1+ul) _ 3p 0 (l — 5 cj)(1 + u) ^_ 3 ( 1+h) ) 
2 Po 2a 3(1+w) 

Affi ln(gpffi) \ T 1/2 

16 5o 3/2 Jig?* 

35 i( 1 - 5 o /2 )A 2 n 3/2 ( r ^ giH 909 i )\ ^-5/2 A(1-5q /2 )T _ 

8^0 $ ^ 16^/ 2 ) + 16^0 


3po(l ~ 5fa;)(l + u) ^_ 3a+lj) _i 


2 a 


3(1+cj) 


+ c- 


(69) 


By simplification, we perform an expansion to the first order for establishing the equation. 


Thus 


If 3</i(l + w) + 1 > 5/2 =£- < 71(1 + w) > 1/2, then 

Y \ Q o 


with 


Therefore 


«o = 


+ ~ ai I 


I 3p 0 (l — 5w)(l + w) 

£ii = 


QO 


3 5 i( 1+ w)’ ^ Aa 3(1+a;)(V ^ _1) 


f(T,T) ~ T 2 (T) + T 3 (T) + T 4 (T,T) -j- (y^-) ^ 


with 


T 2 (T) = 


1/2 

. V 


V goal ) \ goal ) 


3/2' 


x {C + 


A 


ai(-T)- Q ° ^ , gi(—T) a ° A 1/2 
1/2 ' 1 + 

% 


9i 


1/2/_ rp\—ao/2 


% 


gain h*,ar(-r) 


1+1 + 


5o«i 

gi(~T) a °V /2 ' 

9o«i 


+3 CO = 


po(l — 5w)(—r) 3 3 ia o ( 1 +^) e _3ffoai ( 1+a; )( _T )“ 0 


2aQ (1+w) aq 9l{1+cj) 


\ Sfl+wW 3 90 a 1 ( 1 +a;)(-T)-“0 3 ff i(l+w) 

t) = ___ ^1 _ 

41 2p 0 (l+w)(-T) 3 “03i(i+^) 

If 35 i( 1 + w) + 1 < 5/2 => 51(1 + w) < 1/2, then 

2/5 


4* ~ cr 2 I — 


( 4 )' 


_ / 25i /2 (165o /2 -5iAln(5o5i))^ 
a 2 = — 


2/5 


9l%l /2 A-D ; ' 


(70) 


(71) 


(72) 


(73) 


(74) 

(75) 
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Therefore 


f(T,T) ~ T 5 (T) + T 6 (T) + + 7 (T, T)-I- 


1 + 5uj \ A 
1 + uj ) 2’ 


(76) 


with 


* 5 (T) = 


1/2 

V 


1 + 


(_ T )2/5\ 

50«2 y 


X < C+- 


- 1/2 


- 6 9o 3/2 


1 + 


51 


_ T )2/5y 3/2 


5 0«2 


02 

5o /2 (-T) 2 / 5 


X ! ffi(-r) 2 / 5 y /2 


51 


( 


% 


In goV® 2 (-T) 


-1/5 


V 

T 6 (T) = 


1+1 + 


5i(-T) 2 / 5 \ 


50 «2 

1 / 2 ' 


50«2 




p 0 (l — 5o;)(—T) 69l ( 1+ ‘ J )/ 5 e _3ffoQ2 ^ 1+a; ^ _T ^ 2/5 
2a 3(1+w) a 33l(1+w) 

ATag^ 1+W ^ OU, 91 ^ 1+a; ^ e 3 90«2 (l+^)(-T)- 2 / 5 


^ 7 (T, T) = - 


2 . $ 


+oo, in this case one obtains 


<?(+) ~ - 


1 + 5wA A 3/2 

TT^ 2 ~ 6% 


i + 


5i 

50+y 


2p 0 (l + oj)(—T) 6 9i( 1+uj )/ 5 
3/2 r 


(77) 

(78) 


C + 


A 


<h 

, "V 2 

L5o 


1 + 


5i 


1/2 


--M»+ 1/a 

5 0 V 


1 + 


( 1 + ^i) 


5o+/ 
1/2 


(79) 


such that 


3T\a n (1+U}) 


5o 


+ 


2po 

5iA( 1 - 2 In 2.g 0 ) 


1 + 


e 3 90 (l+^)1> $ 3 9 i(l+a;)+3 + 9l TC ?+ + gC - V 2 $ 
50 + / 16(Zq 


325o 3 

/ ?5iA 95i5q /2 A 

U /2 16 , 


(r + i8^)+- + 


giTX + 9giffp /2 A 


,165q 3/2 


+ 5l ln(3>) 


1/2 

,5 0 


2<b 2 


+ 


AT 


1/2 1 q 1/2 

5 0 85o 


1/2 _ 3gfT ^ ^ TffiA + 9ffiffp /2 A 


95i5q - 


+ 


2 + 


5i A 

165o /2 


2 1/2 ? Mj\T 
9 5l5 0 , 5/2 


In + + 


45n 


+ 


TA 


45o 5/2 ; V3^ /2 16 ) 9? 

3gl /2 \\ ( 2+ 3 5!+ 2 \ 3(/ 2 A+ 


1/2 3/2 

.5o 5 0 


850 


5iA( 1 - 2 In 2<7 o) 

. M^ 2 


+ C 9di9o — 


2 1/2 3fffT \ 3ffiA 


4 9 „ V2 . 


+ 


16$o 


It appears that 
^go (i+w)$ 2 Po 


3TXa 0 {1+uj) 


5o 


5 iA (1 - 2 In 250) 
, 16 ff0 3/2 


+ C 9 g 1 g 0 — 


1/2 3 ff 2 r \ 3 ff 1A 


+ 


45o 5/2 y 16 ^o 


0 ( 80 ) 


( 81 ) 
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$ ~ a 3 ln ( a 4 ( + y ) , 


with 


<2 3 


3 9 „(1+ W )'“ j a al^\T 


_ Po9i ( 5iA(l - 2 In 2go) 


o 9 o 


16<?o /2 


+ C 


a 5 


2po 


o \ 3(l+w) 

3Aa 0 ; c/o 


2 1/2 ( giA(l - 21n2g 0 ) 


9fi*iSo 


16ffo /2 


+ C\ + 


3ffiA 

l%o 


Therefore 


with 


f(T,T) ^ MT,T) + T 9 (T,T) - | ^ 


* S (T,T) = 


1 + 


9i 


(82) 

(83) 

(84) 

(85) 

-1/2 


So 


0 /2 \ 5o*2 3 ln (a 4 (-f) + ^) 


-6<+ 1 + 


Si 


3/2' 


5 0 «3 In («4 (~f) + %f) 


x < C+- 


« 3 ln («4 (~y) + / 


1/2 

So 


+ 


Si 


1/2 


5! ln I 90y/&3 


sf \ 2 


In ( a 4 [ ~ \ + y 


1+1 + 


50^3 In («4 [~y) + rO 
\ 1 / 2 ' 

Si \ 


50*23 In («4 (-f) + /r) 


( 86 ) 


*9(T,T) = ~ 


3A a 


3gi(l+a;) 3(1 +oj) 

Oq Si 


2po 




33oa 3 (l+^) / / / j>\ q; 5 \\ 391 ( 1+aJ ) 

ln (“ 4 (“r + f 


.(87) 


Now we will consider the definition (1391) . This new approach allows to obtain from (I64|) and 
m , the following expressions. 

Pi(4>) = Pod> 1/2 + + ^ 1/2 

3h f 


A: 0 4> 1/2 


Arctan ^1 — — Arctan ^1 + k\ \f<§> 

In “ (qhihf) l ^V2<5) + y/qhf$j 


In (^y/hi + (qhihf) 1 ^^ 2$ + y/qhf^j 


P 2 = -x 


1 /Aan (1+a,) ^ 3/l($)(1+a;) 


So(l + w) 


+ 1 ■ 


( 88 ) 

(89) 
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with 


_ A V2(hi-h f ) f Aqh f \ 

°-2 q */WjX /4 


1/4 


Therefore, from the relation (1131) . it appears that 

Q ( 4 >) = _ 6 P 0 / i 2 ($)$ _3/2 

2a n 


-6P 0 /i 2 (^)A:o^ _3/2 


Arctan(l — k\\/&) — Arctan{l + h\\f$>) 


+3 fc 0 /i 2 ($)$~ 3/2 


In - (iqhihf) 1 ^ 4 ^ + ^qhf^j 

- In (\/%+ (4 qhihfY^V® + y/qhf^j 


(90) 


(91) 


1. When <J> —> 0, one gets 




Xa, 


3(l+a;) N 

1)_^,3/i;(l+o)) 


Po(l + w) 


(92) 


and 


Q($) ~ P ° (1 3(1+ S ,) ^~ 3/t<(1+ " ) - 6P 0 /i 2 <l>- 3/2 

2 a n u 


-6P 0 ^ 2 ^o^' 3/2 


Arctan( 1 — fci\/$) — Arctan( 1 + A+\/5>) 


+3fc 0 /i 2 $" 3/2 


In - (4g/ij/i/) 1//4 ^¥+ y 'qhf^j 

In (\/hi + (4 qhihf) 1 l' i \f§> + y/qhf^j 


(93) 


The relation 0) becomes 


_ 3hjpo(l + ui)(l 5cu) ^_ 3h .(i +UJ ' ) _2 _ ^hi%__^_^3( 1 +oj)-2 
3h f 2al {1+uj) 2 Po 


3(l+o;) 

0 

+ (—k 0 kiT - M! + fco TjAqhjhf) 1 ^ + k 0 T^h]{Aqh i h f ) 1 / i \ 


2\fh % 




4> 


P 0 

H——$ 


3 / 2 + ^3fc 0 fr 2 ^g/i/(4g/ij/+ 1//4 + 3 kfk 0 h% 


<f> 


-2 


— ^12A+ 0 + 91’ 0 /i 3 ^ 2 (4g/i i /ij) 1 ' /4 — 3A: 0 /z+ 2 (4<2'/i i 7+j) 1//4 ^) 4? 3 ~ 0 


(94) 
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In order to establish this equation, we have performed the expansion to the first order of 
the non-linear quantities by simplification. 


If 3hi(l + u) + 2 > 3 =+- hi > , then 

l \ TO 


$ ~ 7i — 


7o = 


(95) 


3hi(l + Ld) 


7i 


_ / 9hihf(l + w)(l — 5w) 

V 8a 3 0 (1+u)X 


70 


Thus 


where 


f(T,T) ~ Co (T) + c i(T) + c 2 (T,T) - -r. 


(96) 


Co (T) = -PoVtK-T) 1 -^/ 2 + 270+1 + M1 5W) 


Ci (T) = - 


3 h f 


6P 0 /i?Ah7r 3/2 (-7f 70/2 + feov/TK-r) 1 " 70 / 2 


_7n'j3/li7o(l+w) 


9„3(1+oj) 3/ij(l+u>) 
zct 0 7l 

-6Tb/i 2 7- 3/2 (_T) 3 ^) /27 (97) 


Arctan ^1 — &7-\/7i(—T) 7 °/ 2 ^ — Arctan ^1 + A:i n /ti(—T) 70//2 ^ 

3fco/i 2 7i" 3/2 (- r ) 37o/2$ ' 3/2 + 70/ 


+ 


in (y^ - (4g/ l ,/ l/ ) 1 / 4 V7r(-T)- 7 °/ 2 + ^V7i(-r)- 70 ) 


- in + (4gh 8 h / ) 1 / 4 v ^r(-T)- 7 o/ 2 + ^h~ ni (-T )- 7 °) 


(98) 


7"\ n 3 ( 1 + w ) 0/ 3/l *(l+ w ) (_ r p\ — 3/ii7o(l+w) 

6(r ' r) " — 0 \„d + c —• <"> 


If hi < 


with 


3(1+0)) ’ 


then 


h>~72(-^) 1/3 , 


( 100 ) 


72 = (h] /2 {^qhihf) 1/A - 4k\ - 3h 3/2 (4g/i i h / ) 1/1 ) 7 (101) 
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Therefore 


f(T,T) ~ Cs (T) + K 2 (-Tf/ 6 + Ksi-T) 1 / 3 + K^-T) 1 / 2 


+K 5 (-T) hi ^ 1+W '> + 


K g T _ 1 
(_r)Mi+“) 2 7 ’ 


where 


C 3 (r) = - 


6Poh? A:q7^ 3/2 (—T) 1/2 + k 0y /^(-Tf /6 


Arctan ^1 — kiy/j 2 (—T) 1//0 ^ — Arctan ^1 + k\y/^ 2 (—T) 

Skohf^i-T) 1 / 2 + k °V^(~ T ) 5/6 


+ 


In (- (¥i/i/) 1/4 v^(-T)- 1/6 + \/^772(-T)- 1/3 ) 


- In (v 7 ^ + (^h/) 1 / 4 ^-? 1 )- 1 / 6 + vWT2(-T)- 1 / 3 ) 


(102) 


(103) 


= -Po^n, k 3 = ~^JU = -QP 0 hh 2 3/2 , 

Sh f 

/-i r \ \ 3(l+o;) 3/ij(l+o;) 

= po(l - 5a;) = Aa 0 v ; 7 2 

5 2ag (1+u;) 72 ,li(1+w) ’ 6 2p 0 (l + + 

2. When $ —> +oo, one gets 


P 2 (<h) ~ 


1 

2 



A a. 


3(l+w) 

'0 _<jj3/i/(l+cj) 


Po(l + ^ 


and 


Q($) ~ ML+l r 3 ft / (1 +“ ) - 6P 0 hU~ 3 / 2 

2 a 0 (+UJ> 


6P 0 h 2 f k 0 <S>- 3/2 

Arctan{ 1 — k\V$) — Arctan(l + k\\f$) 

+3 k 0 h 2 ®~ 

3/2 

In ( y \fhi - (4qh i hf) 1 / 4 V& + yjqhf^j 


- In /hi + (4g/i i /i/) 1 / 4 \/¥ + y/qhf$j 


(104) 

(105) 


(106) 


(107) 
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From the relation Q, it appears that 


4TA 

3/T7 


*4 , ^ 5/2 _ (koT _ k 1 T(4qh i h f ) 1 /* \ 2 

2 [h 2 ^h] J 


+ (W/$ 1/2 - 


Alrcian(l — fciv / l>) — Arctan(l + k±V<$>) 


9 p 23,1/2 _ 3h/A7~a 0 ( } ^3Mi+^)+5/2 _ 3hy(l + u;)(l 5u;)po ^_ 3fef(1+aJ - )+5/2 

0 f O n~ r* 3(l+cj) 


2po 


+ 


2ao (1+w) 

Skok^Aqhihf) 1 / 4 " 6Pq^/^o 


vW 


*? 


0. (108) 


Then, we distinguish the following cases 

• If 3/i/(l + w) + 5/2 > 4 /?./ > 2 (i+ujj ’ one S e ^ s 

$ ~ diT- 60 , 


(109) 


with 


<^o = 


6hi(l + ui) + 5 

6 = ( 2po \ ( 3kok 2( Aqh . hf y/4 + 6Ch}k 0 \ ^tt^+5 


3hf\al {1+uj) 


#/ 


*? 


This yields 


( 110 ) 

( 111 ) 


f(T, T) ~ C 4 (T, T) + Cs(T, T) + Ce(T), 


( 112 ) 


18 




















where 


U(T,T) = P 0 ^~iTT~ 5o/2 + 


-V2 _u 2A^rr- 2 ^ 


3 ht 


C 5 (T,T) = + 


k 0 ^hTT- 5o/2 - 6P 0 h 2 f k 0 6~ 3/2 r 35o/2 


Arctan ^1 — k\\f&\T l5o//2 j — Arctan ^1 + k\y/5\T <5 ° //2 ^ 
3 k 0 h 2 f S~ 3/2 T 35o/2 - k °^ TT — 


+ 


In (4^/ l/ ) 1/4 v /^T- <5 °/ 2 + y^7<5iT“ 5 °) 


- In (+ {AqhihfY^^hr- 50 ' 2 + y/Wf^iT^ 0 ) 

«r> = - 6P 0 /.hr 3/2 T M ” /2 

■y 3(1 +cj) ^3/iy (1 +cj) 

Aa 0 <>1 r ~3/if<5 0 (l+a;) _ V 

2/Oq (1 + w) 2 


If 3h/(l + w) + 5/2 < 4 => hf < , then 


$ 


3 h 
4TA j 


^y/ 4 ,)■/- + 6P a h}ko \ 1/4 ^ fe( _ r) _ 1/4 

\ \J ( l h f ^1 / 


Then, one obtains 


(113) 

(114) 


(115) 


(116) 


(117) 


(118) 


/(T, T) = (7 (T) + A'o(-T) 7 / 8 + K[V^T + K' 2 {-T ) 3/8 + AT^-T) 3 ^^)/ 4 


+Cs(T,T) - -T, 


(119) 


with 


Kq = —Poy/fa, K[ = - 


2X6% 
3 h f 


K's 


, K' 


2a 


= -6Poh}6~ 3/ \ 
p 0 (l - 5u;) 

3(l+ct/) c3hf (l+o/) 5 
0 °2 


( 120 ) 

( 121 ) 
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and 


C7(T) = - 


6 P 0 h}k 0 5~ 3/2 (-T) 3 / 8 + k 0 v^(-T) 7 / 8 


Arctan ^1 — kiy/fo (—T) 1//8 ^ — Arctan ^1 + k\ 1//8 ^ 

3 k 0 h}Sf /2 (-Tf' s + hAhtm 
In (v 7 ^- {tqhihtf^y/hi-T)- 1 /* + ^h~ f 5 2 (-T)- 1/4 ) 


- In (y/hi + iAqhihff^y/^i-T)-^ + v^^-T)" 1 / 4 ) 

Aan (1+w) <5f /(1+aj) T 


C 8 (T,T) = - 


2/o 0 (1 + u) (_T) 3/l /( 1+w )/ 4 ' 


( 122 ) 

(123) 


6 Conclusion 

The work developed in this paper concerns the f(T,T ) theory of gravity where T and T 
denotes the torsion scalar and the trace of the energy-momentum tensor, respectively. It is 
well known from the observational data that in order to explain the interaction between the 
matter and dark energy it necessary to the cosmological constant be variable and may therefore 
dependent on the trace of the energy-momentum tensor. After the inflation, the universe has 
been dominated by the matter where its expansion were decelerated and now it is dominated by 
the dark energy with an accelerated expansion. We search for f(T,T ) models able to describe 
the matter and dark energy dominated phases and their unification. To do so, we consider 
two cosmological expressions for the scale factor and our results show that it is well possible to 
f(T,T) models describe the different phases of the expansion of the universe, i.e, the matter 
dominated phase and the dark energy dominated phase. 

More precisely, we distinguish two interesting cases, a particular case and a more general 
case through an input parameter A. We observe that when this parameter vanishes, the results 
of the particular case are recovered. We essential part of the calculus is based on the expression 
of the scale factor. Then, we observe two fundamental expressions which are cosmologically 
realistic. The first concerns the form (1221) with the condition (1241) within what we obtain the 
algebraic expressions of the gravitational action, one characterising early times for small and 
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the second, the late time accelerated phase for large <h. Moreover, our results point out that at 
early time, the universe may effectively be dominated by both relativistic and non-relativistic 
matter. On the other hand, we also see that for large times characterising the present phase, 
the universe is essential filled by the dark energy, proving the consistency of our results. The 
second form of the scale factor still obeys (1221) but in this case with (1391) . Here, we use the 
adiabatic form of the expression of the scale factor, our results show the transition from the 
matter dominated phase to the late time dark energy dominated phase. 

However, an interesting aspect to be undertaken in this paper is studying the stability of 
such models and their thermodynamics. We leave this as a future work. 

Acknowledgement: SB Nassur thanks DAAD for financial support. MJS Houndjo, VA 
Kpadonou and J Tossa would like to thank Ecole Normale Superieure Natitingou for partial fi¬ 
nancial backing during the elaboration of this work. ME Rodrigues thanks UFPA, Edital 04/2014 
PROPESP, and CNPq Edital MCTI / CNPQ / Universal 14/2014, for partial financial support. 

References 

[1] E. Komatsu, K. M. Smith, J. Dunkley, C. L. Bennett, B. Gold, G. Hinshaw, N. Jarosik, 
D. Larson, M. R. Nolta, L. Page, D. N. Spergel, M. Halpern, R. S. Hill, A. Kogut, M. 
Limon, S. S. Mayer, N. Odegard, G. S. Tucker, J. L. Weiland, E. Wollack, and E. N. 
Right, Astrophys. J. Suppl. 192, 18, (2011), arXiv: 1001.4538v3[astro-ph.CO]. 

[2] T. M. Davis et al., Astrophys. J. 666, 716 (2007) [arXiv: astro-ph/0701510j. 

[3] Dunkley et al [WMAP Collaboration], collaborations, Astrophys. J. Suppl. 180, 306-329, 
(2009), arXiv: 0803.0586 [astro-ph], E. Komatsu et al. [WMAP Collaboration], Astrophys. 
J. Suppl. 180, 330-376, (2009), arXiv: 0803.0547 [astro-ph], 

[4] S. Basilakos, S. Capozziello, M. De Laurentis, A. Paliathanasis and M. Tsamparlis, arXiv: 
1311.2173vl[gr- qc]. 

[5] Kazuharu Bamba, arXiv: 1202-4317vl[gr-qc]. 

[6] Eric V. Linder, Phys. Rev. D 81, 127301, (2010), arXiv: 1005.3039v2[astro-ph.CO], 


21 


[7] Shin’ichi Nojiri and Sergei D. Odintsov, Phys. Rept. 505, 59-144, (2011), arXiv: 
1011.0544v4[gr-qcJ. 

[8] Kazuharu Bamba, Salvatore Capozziello, Shin’ichi Nojiri and Sergei D. Odintsov, Astro¬ 
physics and Space Science 342, (2012), 155-228, arXiv:1205.3421v3[gr-qc[. 

[9] Kazuharu Bamba, Chao-Qiang Geng, Chung-Chi Lee and Ling-Wei Luo, JCAP 1101, 021, 
(2011), arXiv: 1011.0508v2[astro-ph.CO], 

[10] Kazuharu Bamba, Ratbay Myrzakulov, Shin’ichi Nojiri and Sergei D. Odintsov, Physical 
Review D 85, 104036, (2013) , arXiv: 1202.4057v3[gr-qcJ. 

[11] J. Amoros, J. de Haro and S. D. Odintsov, Physical Review D 87, 104037 (2013) 
[arXiv:1305.2344 [gf-gc.]]. 

[12] M. E. Rodrigues, M. J. S. Houndjo, D. Saez-Gomez and F. Rahaman, Phys. Rev. D 86, 
104059, (2012), arXiv:1209.4859v3[gr-qc[. 

[13] A. A. Starobinsky,Grav. Cosmol. 6, 157-163, (2000), arXiv: astro-ph/9912054vl. 

[14] T. Harko, Francisko S. N. Lobo, Shin’ichi Nojiri and Sergei D. Odintsov, Phys. Rev. D 84, 
024020, (2011) arXiv: 1104-2669v2[gr-qcJ. 

[15] Tiberiu Harko Francisko S. N. Lobo G. Otalora Emmanuel N. Saridakis, JCAP 12, (2014), 
021, arXiv: 1405.0519v3 [gr-qc[. 

[16] J. Sadeghi, Ali R. Amani and N. Tahmasbi, DOI: 10.1007/sl0509-013-1575-y, arXiv: 
1308.5308vl[gr- qcj. 

[17] M. J. S. Houndjo, IJMPD 21, 1250003, (2012), arXiv: 1107.3887v4[astro-ph.Co[. 

[18] A. F. Santos, Mod. Phys. Lett. A, arXiv: 1308.3503vl[gr-qc[. 

[19] D. Momeni and R. Myrzakulov, DOI: 10.1142/s0219887814500777 arXiv: 1405.5863[gr- 
qc[. 

[20] Kazuharu Bamba, The casimir Effet and Cosmology, Tomsk State Pedagogical University, 
(2008), p. 142-152, arXiv: 0904.2655vl[hep-th[. 


22 


[21] Kazuharu Bamba, Shin’ichi Nojiri and Sergei D. Odintsov, JCAP 0810, 045, (2008), arXiv: 
0807.2575v2[hep-thJ. 


23 



